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Abstract
We review some new developments in the theoretical description of the processes K → πγγ ,
KL → γℓ
+ℓ− , KL → π
0e+e− and KL → µ
+µ− .
1 Introduction
Radiative non–leptonic kaon decays may play a crucial role in our understanding of fundamental
questions: the validity of the Standard Model (SM) (fixing the values of the CKM parameters),
the origin of CP violation and as a χPT (Chiral Perturbation Theory) test (see [1, 2, 3] and
references therein).
The KL → γγ
∗ form factor (together with KL → γ
∗γ∗) is an important ingredient to
evaluate properly the dispersive contribution to the real part of the amplitude for the decay
KL → γ
∗γ∗ → µ+µ−. Since this real part receives also short distance contributions proportional
to the CKM matrix element Vtd [4] and the absorptive amplitude is found to saturate the
experimental result, a strong cancellation in the real part between short and long distance
contributions or the addition of two very small amplitudes is expected.
The importance of KL → π
0γγ goes further the interest of the process in itself because its
role as a CP–conserving two–photon discontinuity amplitude to KL → π
0e+e− in possible com-
petition with the CP–violating contributions [2, 3, 5] which are predicted to be of O(10−12). The
size of the CP–conserving contribution depends on an helicity amplitude for KL → π
0γγ which
appears only at next-to-leading order and this contribution can be controlled both theoretical
and experimentally, as we shall see.
The interplay between experimental results and phenomenology indicates that in both these
decays (KL → π
0γγ and KL → γγ
∗) there is an important vector meson exchange contribution.
Actually the experimental determination of the slope in KL → γγ
∗ is only based in the BMS
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model [6], thus we propose an alternative analysis less model dependent. We realize also that
the common problematic point between K → πγγ and KL → γγ
∗ is the model dependence of
the weak V Pγ vertex. Thus after constructing the most general leading χPT lagrangian for the
weak V Pγ vertex for the processes under consideration we propose a Factorization Model in the
Vector couplings (FMV).
2 K → piγγ and KL → γγ
∗ amplitudes
The general amplitude for KL(p)→ π
0γ(q1)γ(q2) can be written in terms of two independent
Lorentz and gauge invariant amplitudes : A(z, y) and B(z, y), where y = p · (q1 − q2)/m
2
K and
z = (q1 + q2)
2/m2K . Then the double differential rate is given by
∂2Γ
∂y ∂z
=
mK
29π3
[ z2 |A + B |2 +
(
y2 −
λ(1, r2pi , z)
4
)2
|B |2 ] , (1)
where λ(a, b, c) is the usual kinematical function and rpi = mpi/mK . Thus in the region of small
z (collinear photons) the B amplitude is dominant and can be determined separately from the
A amplitude. This feature is important in order to evaluate the CP conserving contribution
KL → π
0γγ → π0e+e−. Both on–shell and off–shell two–photon intermediate states generate,
through the A amplitude, a contribution toKL → π
0e+e− that is helicity suppressed [7]. Instead
the B–type amplitude, though appearing only at O(p6) , generates a relevant unsuppressed
contribution to KL → π
0e+e− through the on–shell photons [5], due to the different helicity
structure.
If CP is conserved the decay KL → γ(q1, ǫ1)γ
∗(q2, ǫ2) is given by an only amplitude Aγγ∗(q
2
2)
that can be expressed as Aγγ∗(q
2
2) = A
exp
γγ f(x), where A
exp
γγ is the experimental amplitude
A(KL → γγ) and x = q
2
2/m
2
K . The form factor f(x) is properly normalized to f(0) = 1
and the slope b of f(x) is defined as f(x) = 1 + bx. Traditionally experiments [8] do not mea-
sure directly the slope but they input the full form factor suggested by the BMS model [6],
however we think that is more appropriate to measure directly the slope and we estimate [9],
bexp = 0.81 ± 0.18 . The slope b gets two different contributions: the first one (bV ) comes from
the strong vector interchange with the weak transition in the KL leg, the second comes from
a direct weak transition KL → V γ (bD). Then b = bV + bD. While the first term is model
independent, the direct contribution bD requires a modelization due to our ignorance of the weak
couplings involving vector mesons. BMS model [6] suggests that the structure of the weak V Pγ
vertex is dominated by a weak vector–vector transition.
The leading finite O(p4) amplitudes of KL → π
0γγ were evaluated some time ago [10],
generating only the A–type amplitude in Eq. (1). The observed branching ratio for KL →
π0γγ is (1.7 ± 0.3) × 10−6 [8] which is about 3 times larger than the O(p4) prediction [10, 11].
However theO(p4) spectrum of the diphoton invariant mass nearly agrees with the experiment, in
particular no events for smallmγγ are observed, implying a small B–type amplitude. Thus O(p
6)
corrections have to be important. Though no complete calculation is available, the supposedly
larger contributions have been performed : O(p6) unitarity corrections [11, 12, 13] enhance the
O(p4) branching ratio by 30%, and generate a B–type amplitude.
One can parameterize the O(p6) vector meson exchange contributions to KL → π
0γγ, by an
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effective vector coupling aV [14] :
A =
G8M
2
Kαem
π
aV (3− z + r
2
pi) ,
B = −
2G8M
2
Kαem
π
aV , (2)
where G8 is the effective coupling of the leading octet weak chiral lagrangian and is fixed by
K → ππ. Analogously to the KL → γγ
∗ case there are two sources for aV : i) strong vector
resonance exchange with an external weak transition (aextV ), and ii) direct vector resonance
exchange between a weak and a strong V Pγ vertices (adirV ). Then aV = a
ext
V + a
dir
V . The
first one is model independent and gives aextV ≃ 0.32 [14], while the direct contribution depends
strongly on the model for the weak V Pγ vertex. Cohen , Ecker and Pich noticed [12] that
one could, simultaneously, obtain the experimental spectrum and width of KL → π
0γγ with
aV ≃ −0.9. The comparison of this result with the value of a
ext
V shows the relevance of the
direct contributions.
The question of the relevant O(p6) contributions relative to the leading O(p4) result for
K+ → π+γγ [7] can also be studied. O(p6) unitarity corrections [15] generate a B–type am-
plitude and increase the rate by a 30–40% while, differently from KL → π
0γγ , vector meson
exchange is negligible in K+ → π+γγ [9]. BNL–787 has got, for the first time events in this
channel [16] confirming the relevance of the unitarity corrections.
3 Factorization Model in the Vector Couplings (FMV)
The general effective weak coupling V Pγ contributing to O(p6) K → πγγ and KL → γγ
∗
processes is
LW (V Pγ) = G8 F
2
pi εµναβ
5∑
i=1
κi 〈V
µ T ναβi 〉 , (3)
where T ναβi i = 1, .., 5 are all the possible relevant Pγ structures [9], the κi are the dimensionless
coupling constants to be determined from phenomenology or theoretical models, Fpi ≃ 93MeV
is the pion decay constant and the brackets in Eq. (3) stand for a trace in the flavour space.
Motivated by the 1/Nc expansion the Factorization Model (FM) [17] assumes that the dom-
inant contribution to the four–quark operators of the ∆S = 1 Hamiltonian comes from a factor-
ization current × current of them. This assumption is implemented with a bosonization of the
left–handed quark currents in χPT as given by
qjLγ
µqiL ←→
δ S[U, ℓ, r, s, p]
δ ℓµ,ji
, (4)
where i, j are flavour indices, and S is the low–energy strong effective action of QCD in terms
of the Goldstone bosons realization U and the external fields ℓ, r, s, p.
The general form of the lagrangian is
LFM = 4 kF G8 〈λ
δS
δℓµ
δS
δℓµ
〉 + h.c. , (5)
where λ ≡ 1
2
(λ6 − iλ7). The FM gives a full prediction but for a fudge factor kF ∼ O(1).
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The procedure used in the FM to study the resonance exchange contribution to a specified
process involves first the construction of a resonance exchange generated strong Lagrangian, in
terms of Goldstone bosons and external fields, from which to evaluate the left–handed currents.
For example, in K → πγγ one starts from the strong V Pγ vertex and integrates out the vector
mesons between two of those vertices giving a strong Lagrangian for PPγγ (P is short for pseu-
doscalar meson) from which to evaluate the left–handed current. This method of implementing
the FM imposes as a constraint the strong effective PPγγ vertex and therefore it can overlook
parts of the chiral structure of the weak vertex. In the FM model the dynamics is hidden in
the fudge factor kF . Alternatively one could try to identify the different vector meson exchange
contributions and then estimate the relative weak couplings.
We propose precisely this scheme. Instead of getting the strong lagrangian generated by
vector meson exchange we apply the factorization procedure to the construction of the weak
V Pγ vertex and we integrate out the vector mesons afterwards. The interesting advantage of
our approach is that, as we have seen in the processes we are interested in, it allows us to identify
new contributions to the left–handed currents and therefore to the chiral structure of the weak
amplitudes. This we call the Factorization Model in the Vector couplings (FMV).
Hence we obtain the κi in Eq. (3) in this framework and we can give a prediction from
the FMV model to both adirV in KL → π
0γγ and the slope bD of KL → γγ
∗ [9]. We get
adirV |FMV ≃ −0.95 and b
octet
D |FMV ≃ 0.51. Our final predictions (see Ref. [9] for a thorough
discussion) are :
aV ≃ −0.72 , b ≃ 0.8− 0.9 , (6)
in good agreement with phenomenology. Thus we can predict the CP conserving contribution:
0.1 < B(KL → π
0e+e−) · 1012 < 3.6 for −1.0 < aV < −0.4 respectively [9].
4 Dispersive two–photon B(KL → µ
+µ−)
To fully exploit the potential of KL → µ
+µ− in probing short–distance dynamics it is necessary
to have a reliable control on its long–distance amplitude. However the dispersive contribution
generated by the two–photon intermediate state cannot be calculated in a model independent
way and it is subject to various uncertainties [18]. The branching ratio can be generally de-
composed as B(KL → µ
+µ−) = |ℜeA|2 + |ℑmA|2, and the dispersive contribution can be
rewritten as ℜeA = ℜeAlong + ℜeAshort. The recent measurement of B(KL → µ
+µ−) [19]
is almost saturated by the absorptive amplitude leaving a very small room for the dispersive
contribution : |ℜeAexp|
2 = (−1.0± 3.7) × 10−10 or |ℜeAexp|
2 < 5.6× 10−10 at 90% C.L.
Within the Standard Model the NLO short-distance amplitude [20] gives the possibility to
extract a lower bound on ρ (ρ = ρ(1− λ/2) and ρ and λ the usual Wolfenstein parameters) as
ρ > 1.2−max
{
|ℜeAexp|+ |ℜeAlong|
3× 10−5
[
mt(mt)
170 GeV
]
−1.55 [ |Vcb|
0.040
]
−2
}
. (7)
In order to saturate this lower bound we propose [21] a low energy parameterization of the
KL → γ
∗γ∗ form factor that include the poles of the lowest vector meson resonances with
arbitrary residues
f(q21, q
2
2) = 1 + α
(
q21
q21 −m
2
V
+
q22
q22 −m
2
V
)
+ β
q21q
2
2
(q21 −m
2
V )(q
2
2 −m
2
V )
. (8)
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The parameters α and β, expected to be O(1) by naive dimensional chiral power counting, are
in principle directly accessible by experiment in KL → γℓ
+ℓ− and KL → e
+e−µ+µ−. Up to
now there is no information on β and we have the phenomenological result α = −1.63 ± 0.22.
The form factor defined in Eq. (8) goes as 1 + 2α+ β for q2i ≫ m
2
V and one has to introduce an
ultraviolet cutoff Λ. However, in this region the perturbative QCD calculation of the two-photon
contribution gives a small result. In particular we find |1 + 2α + β| ln(Λ/MV ) < 0.4, showing a
mild behaviour of the form factor at large q2. The FMV model described in the previous Section
gives (1 + 2α+ β)FMV ≃ −0.01 in good agreement with the perturbative result result.
Using αexp and the QCD constraint we predict [21]
|ℜeAlong| < 2.9× 10
−5 (90%C.L.) (9)
and
ρ > −0.38 , or ρ > −0.42 (90%C.L.) . (10)
These bounds could be very much improved if the α and β parameters were measured with good
precision and a more stringent bound on |ℜeAexp| is established.
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